In this article, an exact solution of the Navier-Stokes equations is given for the motion of a viscous fluid in a channel under the influence of a pulsatory pressure. A generalization is pursued for an arbitrary pressure distribution expressed in terms of Fourier coefficients. The flow is characterized by two principal parameters: the pulsation parameter based on the periodic pressure gradient, and the equivalent Stokes, Womersley, or kinetic Reynolds number based on the pulsatory frequency. For a large kinetic Reynolds number, the Poiseuille flow is readily recovered. Conversely, the purely oscillatory solution presented by Rott is regained for a large pulsation parameter. For sinusoidal pulsations, the flowrate induced by a pulsatory motion is calculated and compared to the steady flow analogue having the same pressure gradient. The amount of flow attenuation is determined as function of frequency and pulsation parameters. For large frequencies, the maximum possible flow is obtained for a given pulsation parameter. By characterizing the velocity, vorticity, and shear stress distributions, cases of flow reversal are identified. Conditions leading to flow reversal are quantified for both small and large kinetic Reynolds numbers. For an appreciable pulsation rate, we find that the flow will reverse when the pulsation parameter is increased to the point of exceeding the Stokes number. By characterizing the skin friction coefficient and its limiting value, design criteria for minimizing viscous losses are made possible. To further understand the effect of curvature or lack thereof, comparisons between planar and axisymmetric flow results are entertained.
I. Introduction
ULSATORY flow studies constitute an integral part of applied mechanics because of their impact on a wide variety of systems and devices. In fact, many practical problems involve some degree of unsteadiness that can be decomposed into a mean component over which a secondary fluctuation can be superimposed. Insofar as secondary motions do occur in nearly all flows of engineering importance, pulsatory solutions have often been considered as the building blocks for all periodic flows. For example, oscillatory flows are generally viewed as special cases of pulsatory motions for which the mean flow can be ignored.
Assessment of pulsatory motions has a number of captivating applications involving wave propagation and control in chemical, biological, civil, and mechanical engineering. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] Regardless of the shape or purpose of a fluid conduit, pulsing promotes mixing and therefore mass and heat exchange with the walls. Pulsing also reduces surface fouling by aiding solid particles migrate away from the walls. By increasing the parallel velocity near the surface (at sufficiently large frequencies), the cyclical reversing of flow direction can counteract concentration polarizations near membranes undergoing reverse osmosis. 11 This mechanism can occur in circular tubules and between parallel membranes, especially in extracorporeal flow circuits that are exacerbated by the undesirable accumulation of solutes. 12 Since fluctuating stresses can influence the responsiveness of endothelial cells, 13 their accurate determination in a pulsatory environment is appropriate of a number of investigations concerned with the characterization of atherosclerosis. [14] [15] [16] Inasmuch as one cause of this disease is associated with abnormalities in fluctuating stresses, 17 identification of the role of flow dynamics is sometimes commensurate with our knowledge of pulsatory flow attributes. The latter have been essential to the proper characterization of mechanically-assisted respiration, 18 hemodialysis in artificial kidneys, 9 and peristaltic transport. 19 The same can be said of the purely oscillatory respiratory flow in the larger airways.
Sustained pulsatory motions caused by wind, water waves and tides have often been associated with cyclical damage and erosion around piers, aqueducts, and underwater foundations. Water hammering is another phenomenon observed in elongated ducts and leading to periodic wave motions. Detailed knowledge of pulsatory boundary layers can hence be useful in P -2-American Institute of Aeronautics and Astronautics developing design criteria for enhanced, surfaceresistant structures. In industrial processes, pulse control has often been so valuable in the design of mixers to the point of revolutionizing certain mixing applications. 20 Pulsing has also been beneficial to the clean and efficient introduction and expulsion of airfuel mixtures in internal combustion devices. In fact, it has often constituted the operational principle underlying thermo-acoustic devices.
Consider, for example, the operation of coal-fired furnaces [21] [22] [23] [24] and gas turbines. [25] [26] [27] Therein, a pulsating pressure field is used to improve combustion efficiency and increase the size of exhaust particles. This is accomplished by controlling the acoustic waves in a manner to promote agglomeration of the fine ash particles entrained in the high temperature streams. [28] [29] [30] [31] This procedure has the effect of reducing pollutant formation, [29] [30] [31] [32] [33] increasing fuel residence time, 28, 34 and lowering equipment cost. 35, 36 The same principle is also exploited to promote higher combustion efficiency, 37, 38 fuel savings, 35 waste incineration control, 39 and slurry atomization. 40 Additionally, studies of reciprocating flows appear to have been instrumental in predicting frictional losses thereby availing themselves to the betterment of heat exchangers in Stirling engines and pulse-tube cryocoolers. 41 In the propulsion community, oscillatory flows are continually used to describe the aeroacoustic field inside solid rocket motors. This is especially true of past 42 and recent models 43 that have been integrated into combustion stability calculations. The interested reader may refer, in that regard, to the works of Flandro and Majdalani, 44 Majdalani and Roh, 45 and Majdalani and Van Moorhem. 46 A characteristic feature in these studies is the linearization of the Navier-Stokes equations before applying perturbative tools to describe the fluctuating field.
In connection with experimental investigations concerned with the onset of turbulence, it may be instructive to note that the inception of hydrodynamic instability has received considerable attention in the oscillatory flow studies reported by Merkli and Thomann, 47 Hino et al., [48] [49] [50] Ramparian and Tu, 51 Ohmi et al., 52 Eckman and Groterg, 53 and others. According to a recent axisymmetric pipe flow experiment by Adamec et al., 54 turbulent disturbances in a pulsatory environment begin to appear at a mean flow Reynolds number of Re 2090 = . In the corresponding channel configuration, it may be speculated that turbulence could be initiated at an equivalent Reynolds number of
Re 1570
= . This value is extrapolated from the ¾ ratio of critical Reynolds numbers characterizing steady duct flows with either rectangular or circular cross-sections.
Clearly, the pulsatory flow character has been the topic of intense research and debate for many decades. In fact, the first mathematical treatment of a simple oscillatory motion may be traced back to Stokes' second problem. 55, 56 Countless theoretical and experimental studies have, of course, followed, and a summary of their earlier accounts may be found in the surveys by Rott 1 and White. 2 Two particular studies that have received much notoriety are those by Womersley 3,4 and Uchida. 5 While working totally independently, the former is known for presenting the purely oscillatory solution in a viscous tube. Uchida, on the other hand, is known for developing a generalized pulsatory flow solution from which Womersley's formulation could be restored. Other theoretical studies by Rao and Davanathan 6 and Hall 7 have used perturbations to develop the pulsatory formulation in a tube with slowly varying cross-sections. To name a few more, one may cite Bhatanagar, 8 Wang, 9 and Chow and Soda 10 who have incorporated the effects of viscoelasticity, wall porosity, and wall compliance, respectively.
It should be noted that, except for Uchida's work in a circular tube, 5 other studies have considered the pulsatory motion to be induced by a sinusdoidal forcing function of a single-valued frequency. This includes Wang's simplified model of a porous channel wherein the crossflow velocity is taken to be constant throughout the channel. 9 In hindsight, no generalization has been carried out in the channel configuration despite its useful application to practical ducts and many laboratory simulations performed in a windowed environment. 57, 58 The channel flow analogue is clearly useful in modeling slit flows, 12 flows between flat plates, T-burners, and combustion chambers with slab propellants. 59 For the sake of continuity, it is the purpose of this article to present an exact solution of the twodimensional Navier-Stokes equations for a channel in which an arbitrary pressure gradient is established. In the process, a comparison with Uchida's generalization will be carried out so that differences due to curvature effects are illuminated. Principal flow attributes will be evaluated and discussed. Unlike previous oscillatory flow studies that have relied on linearizations, [43] [44] [45] [46] the parallel flow assumption will enable us to obtain an exact solution that is applicabe over a broader range of operating parameters. Specifically, it will no longer be contingent on small amplitude oscillations. This will be due to the current results being useful up to an arbitrarily large pulsation level. It is hoped that this work will be the first in a series that will further attempt to capture wall permeability and possible variability in cross-section while maintaining the freedom in imposing an arbitrary pressure gradient.
To proceed, the fundamental equations will be simplified in Sec. II by introducing the assumptions of fluid incompressibility and axially parallel flow. The absence of a transverse velocity component necessitates -3-American Institute of Aeronautics and Astronautics the presence of a fully developed profile and leads to the cancellation of nonlinear convective terms that plague the Navier-Stokes equations. This immediate simplification allows for the superposition of temporal features associated with pulsatory motion on the steady and fully developed channel flow. In the process, external forces due to gravity are ignored in view of their small relative magnitudes. The axial pressure gradient is then expressed, via Fourier series, in terms of sinusoidal functions of time. Normalization and manipulation of the Fourier series follows, leading to the complete formulation for the velocity, vorticity, and shearing stresses. In Sec. III, results are plotted and occasionally compared to their axisymmetric counterparts. Final comments are given in Sec. IV.
II. Formulation

A. Mathematical Model
Consider the incompressible periodic flow in a rectangular channel of height 2a and width b . The channel is assumed to be sufficiently long and wide to justify the use of a two-dimensional planar model. We further assume that the pulsatory character is induced by some well-defined pressure gradient caused by 'pistons at infinity'. 1 In seeking a laminar solution, we specifically exclude the issue of hydrodynamic instability.
As usual, we let the viscous fluid have density ρ , viscosity µ (
, and Cartesian velocity components u and v in the x and y directions. In this study, y will be the normal coordinate measured from the channel's midsection plane. Since the walls are impervious, the velocity field is everywhere parallel to the x -axis. As a result, the normal velocity v must surely vanish. The continuity equation becomes
thus clearly indicating that u cannot vary in the streamwise direction. One concludes that ( , ) u u y t = must correspond to a fully developed periodic profile. When external forces are ignored, the Navier-Stokes equations reduce to
Since u is fully developed, Eq. (2) indicates that the pressure gradient must be invariant in x . Additionally, Eq. (3) renders
which cannot be function of y either. The only possibility that will satisfy Eqs. (2)- (3) is, therefore,
B. Fourier Representation
In order to accommodate a generally unsteady flow motion caused by some pulsative action, the gradient of the pressure force per unit mass may be equated to an arbitrary function of time, namely,
where 0 p stands for the steady part of the pressure gradient, while cn p and sn p represent the cosine and sine amplitudes of a harmonic forcing function. In the interest of brevity, we put 
where the real part of Eq. (6) represents the meaningful solution. This convention will be adopted in the present analysis.
In like manner, the velocity can be expanded as
where 0 u stands for the steady part of the velocity, whereas cn u and sn u denote the cosine and sine amplitudes in the corresponding Fourier series. Letting 
C. Exact Solution
By substituting Eqs. (6) and (7) back into Eq. (2), mean and time-dependent terms may be grouped and segregated. One obtains
Equations (10) and (11) can be readily solved. One finds
Combining Eqs. (12)- (13), one gets 
By imposing the appropriate auxiliary conditions, the remaining constants may be determined. For example, at 0 y = , symmetry demands that
One concludes that 
At length, one uses backward substitution to produce ( )
D. Special Case of an Oscillatory Pressure
Since oscillatory solutions constitute a subset of pulsatory representations, it may be useful to verify that the oscillatory channel flow solution can be restored from the current formulation. To that end, we resort to the classic theoretical coverage of time-dependent laminar flows by Rott 1 (pp. 401-402). In particular, we consider the oscillatory channel flow problem that exhibits a periodic pressure gradient viz.
In view of Eq. (6), this special case corresponds to
Direct substitution into Eq. (19) gives
Being identical to Eq. (4-3) in Rott, 1 this result confirms the generality of Eq. (19) . Here too, one may verify that, for quasi steady conditions, the fully developed Poiseuille profile is regained from Eq. (22) . This can be realized by carrying out the small frequency limit, specifically,
E. Volumetric Flux
The volumetric flow rate at any cross-section can be determined from
This enables us to calculate the maximum volumetric flow in a given cycle. One finds
Subsequently, the mean volumetric flow at any crosssection can be determined by integrating over a time cycle, namely
where 2 / π ω represents a period of oscillations. Using
Eq. (19) and integrating, one gets
which collapses into
The result coincides with the volumetric flow rate of a steady Poiseuille profile in a channel with a pressure gradient of
. The simplification can be attributed to the cancellation of the oscillatory part of the solution in the process of averaging.
F. The Normalized Velocity
The time-averaged velocity at any cross-section can be calculated from
Unsurprisingly, this mean value coincides with the average Poiseuille velocity for the same mean flow conditions. Choosing U as a basis for normalization, the non-dimensional expression for Eq. (19) becomes ( )
- 
In the foregoing, k is the kinetic Reynolds number. 2, 41 It is given by
where α and S λ are the Womersley and Stokes numbers, respectively. It should be noted that k is also known as the 'frequency parameter' 1, [7] [8] [9] or the 'oscillation Reynolds number'. 10 In arterial flows, the Womersley number seems to vary around 3.3 with a corresponding
The real part of Eq. (31) can be written as ( ) 
whose real part corresponds to n c n P P = . Evidently, the exact solution presented here is capable of reproducing both steady and purely oscillatory flow conditions. As such, it constitutes a useful extension of the oscillatory channel flow solution given by Rott. 1 In view of the Fourier expansion coefficients obtained in Eq. (5), this formulation is capable of accommodating any periodic pressure gradient.
G. Relative Volumetric Flux
Equation (39) indicates that, in order for a steady Poiseuille flow to exhibit the same pressure gradient as that of a pulsatory flow, the mean pressure in the equivalent steady-state problem must be set equal to
From Eq. (29), one realizes that, for the same pressure gradient, the volumetric flow rate of a steady channel flow will be 
Recalling Eq. (26), one can evaluate the ratio of the maximum volumetric flow due to a periodic pressure gradient to the corresponding steady flow. One finds 
III. Results and Discussion
A special case for the pressure forcing function may be considered with
where ϕ is the pulsation parameter. This ratio represents the relative importance of the pulsating pressure gradient with respect to the steady flow contribution. The form suggested by Eq. (44) may be associated with a purely sinusoidal pulse-gradient that is often used throughout the literature in modeling pulsatory motions.
1-5
A. Flow Attenuation
The behavior of * Q is illustrated in Fig. 1 over a range of frequency and pulsation parameters. This first graph illustrates the diminution in flow rate modulus (i.e., its maximum value in either direction) with respect to the Poiseuille flow having the same pressure gradient. The reduction in * Q becomes more important , the solution exhibits steeplyfalling curves that are characteristic of a nearly oscillatory flow. These observations are in agreement with former studies in channels and pipes that have considered harmonic motions prescribed by single frequencies and pulsation ratios. [1] [2] [3] [4] [6] [7] [8] [9] [10] In our study, the pulsation-dependent curves become closely spaced with successive increases in ϕ . Since increasing the pulsepressure gradient ϕ leads to a predominantly oscillatory solution, it can be argued that increasing the frequency can have a similar impact insofar as it carries the solution further away from its steady-state condition. Consequently, a depreciation in the maximum flow rate may be observed with successive increases in frequency. This diminishment with k becomes more rapid at higher ϕ when the periodic component of the pressure gradient becomes more significant. Note that, 
For harmonic motions described by Eq. (44), the inviscid limit may be evaluated, at any pulsation rate, from the meaningful part of Eq. (45), namely,
Thus for 
B. Comparison to the Circular Tube
Due to the important role of * Q in characterizing pulsatory flows, 1-5,7-9 the analysis presented above can be repeated for a circular tube of radius a . Using r to represent the radial coordinate in the axisymmetric flow setting, one can write (cf. Uchida 
From the large-argument expansions 
C. Velocity Evolution
The evolution of the velocity given by Eqs. (34) and (44) is illustrated in Figs. 2-3 over a range of pulsation and frequency parameters. For each combination of ϕ and k , the velocity is displayed at 12 equally-spaced timelines. In Fig. 2 , the pulsation parameter is fixed at 1 ϕ = . This results in an oscillating flow component that is comparable in size to the steady part, especially at low frequency. In Fig. 2a,   1 k = , and the oscillatory component is large enough that a negative velocity is realized during a portion of the cycle. When k is increased to 2.6681 in Fig. 2b , pulses are more closely spaced, and the reciprocating velocity component nearly cancels the steady part at one time in the cycle. This precludes the appearance of flow reversal. When k is further increased to 10 in Fig.  2c , both the spatial frequency and amplitude of the oscillatory wave are diminished to the point of producing a quasi steady profile. As the frequency parameter is further increased to 100 in Fig. 2d , the periodic contribution becomes negligible. This case signals the inception of the Poiseuille profile. Beyond that point, the flow becomes predominantly steady.
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The effect of varying the pulsation parameter at constant k is illustrated in Fig. 3 where ϕ is reduced from 100 to 0.1 . In Fig. 3a , the pulse-pressure gradient is large relative to its steady counterpart. Under this circumstance, the steady (unidirectional) flow contribution is negligible. The ensuing flow becomes strongly oscillatory as indicated by the symmetrical timelines in Fig. 3a . The same can be said for 100 ϕ > . In fact, for sufficiently large pulsation ratios, the velocity maximum will not occur at the midplane but near the wall where a mild overshoot can be detected. This overshoot is characteristic of oscillatory flows and has often been named after Richardson. 1 However, as the pulsation parameter is reduced to 10 in Fig. 3b , the steady flow contribution is no longer negligible. This explains the asymmetry in the resulting timelines. As ϕ is further decreased to 0.1 in Fig. 3c , the pulsation role is reversed. Despite having an appreciable frequency parameter, the pulse-pressure gradient is now small in comparison to the steady counterpart. The mean pressure gradient becomes dominant, thus leading to a quasi steady solution. Any further decreases in ϕ lead to a practically steady flow.
D. Vorticity Evolution
From Eq. (31), the vorticity field can be calculated. One obtains ( ) (44), the normalized vorticity timelines can be described over a pulsation period in Fig. 4-5 . Since vorticity is linearly proportional to the shear stress, these plots can be useful in understanding the behavior of the viscous stress as well.
In Fig. 4 , the effect of varying the frequency parameter is examined at constant 1 ϕ = . As shown in the Fig. 4a , the vorticity amplitude is large at low frequency. Due to the large oscillatory contribution, vorticity can turn negative, thus indicating a sign reversal in the direction of rotation. This is especially clear along the surface where it is accompanied, during portions of the cycle, by a reversal in the direction of shear. As the pulsation frequency is increased in Fig. 4b  to 2.6681 k = , the reversal in vorticity is no longer noticeable. Both vorticity and shear become unidirectional. This behavior is more pronounced in Fig. 4c where k is increased to 10 ; at that frequency, vorticity timelines are more closely spaced. Their spacing and amplitude continue to diminish as k is made larger.
The influence of pulse-pressure gradients on vorticity and shear is examined in Fig. 5 where ϕ is dropped from 100 to 0.1 at constant k . Clearly, the large pulse-pressure contribution in Fig. 5a leads to a symmetrical, fully reciprocating vortical character whereby vorticity (and shear) switch direction during half of the cycle. However, when ϕ is decreased to 10 and below, asymmetry begins to appear because of the growth in the steady pulse contribution. As illustrated in Fig. 5b , unsteady fluctuations in vorticity and shear become miniscule for
. Resulting time-traces begin to collapse closer and closer to the linear distribution associated with a steady, parabolic solution.
E. Skin Friction
By virtue of Eq. (34), the local state of stress exerted by the fluid can be determined from 
where 2 / R aU ν = is the mean flow Reynolds number. Equation (56) confirms that shear and vorticity are linearly proportional. Instantaneous frictional forces on the wall can be calculated from 2 i w 2 3 1 0 9 1 t a n h (i ) i nT n n P kn e U a p kn
This motivates introducing
By further simplifying Eq. (57), extracting its real part, and rearranging, one can write 
where Figure 6 describes the normalized shear stress along the walls of the channel as function of dimensionless time, T t ω = . This is performed over one pulsation period and for a range of k and ϕ corresponding to the case specified by Eq. (44) . It should be noted that the same graph can be used to interpret the vorticity oscillations along the wall since
In Fig. 6a , increasing the frequency parameter at constant 1 ϕ = leads to a faster attenuation of the stress curves. The latter become more closely packed and flatten out eventually at sufficiently high frequencies. The damping out in shear is commensurate with the reduction in velocity and vorticity amplitudes as pulses become more closely spaced. For . As the pulse-pressure gradient is reduced below unity, the shear curves begin to level off. For
, the shear curve is flat, signaling the establishment of steady flow conditions. Similar trends characterize the axisymmetric flow in a tube where the higher surface shear can be calculated from
For the cylindrical configuration, one finds
, indicating that vorticity at the wall is larger than its planar-flow counterpart.
F. Flow Reversal
Since * τ vanishes when the flow switches direction, the criterion for flow reversal can be determined from Eq. (57). Accordingly, reversal will occur when n n nT P kn kn
This condition necessitates a sufficiently large pulsation parameter, namely, one that satisfies
In any given cycle, one must realize that the minimum value of ϕ required to cause flow reversal occurs at 
For small and large k , simple solutions can be obtained over the entire range of frequencies. Noting that 
These expressions entail a maximum error of 12 Fig. 7 where the region of flow reversal is clearly delineated.
For the sake of completion, the reverse-flow region can be quantified for the tube geometry as well. Based on Eq. (61), one can now impose
To make further headway, it is necessary to determine the time for which the right-hand-side of Eq. (68) reaches a minimum. After some effort, one finds 
where the suppressed argument of the modified Bessel functions is ik ; also, superscripts are everywhere used to denote real and imaginary parts. Despite the complexity of Θ , it can be shown that 
As shown in Fig. 7 , it takes less pulse-pressure at the same frequency to induce flow reversal in a tube.
G. Friction Coefficient, Amplitude and Phase
Based on Eqs. (57) and (64), it is possible to determine the maximum skin friction in a cycle. This enables us to utilize the ratio C decreases due to the diminution in the role of viscosity. Eventually, an asymptotic limit is reached at sufficiently large frequencies. This lower limit is weakly dependent on the frequency parameter and may be calculated from
In the axisymmetric problem, one may follow the same lines by setting
By analogy with the steady planar-axisymmetric flow differences, it is not surprising that friction due to pulsatory motion in a tube is mildly larger than that in a channel. This is seen in Fig. 8a and can be further confirmed by examining the large frequency limit of the friction coefficient. From Eq. (77) and (72), one get at
which is strictly larger than its planar-flow counterpart. Despite having different initial slopes, both Eqs. (76) and (78) approach the limit
The accurate prediction of the skin friction coefficient and its limiting value can be invaluable in design optimization. 41 By virtue of Eqs. (74)-(78), one is now able to select an operating frequency that can trigger the desired motion while maintaining an acceptable percentage of the minimum possible amount of energy loss. An optimum frequency may thus be -11-American Institute of Aeronautics and Astronautics calculated by balancing the cost of producing a given pulsation rate with the cost of overcoming frictional losses.
Besides the friction coefficient, one can calculate the often referred to amplitude and phase lag of the shearing stress with respect to the driving pressure gradient. 41 To do so, one can rewrite Eq. (58) in phasor form by putting Physically, σ and δ represent the amplitude of the wall shearing stress and its phase lag from the pulse-pressure gradient 1 P . The asymptotic approximations we provide for small and large k exhibit a maximum relative error of 0.049% . Graphically, they are indiscernible from the exact expressions.
As shown by the solid lines in Fig. 8b , σ decreases at larger kinetic Reynolds numbers. The phase lag, however, increases from zero to It should be noted that the axisymmetric results developed here reproduce Uchida's pulsatory case. 5 They also agree fairly well with the experimental data for surface friction acquired in the recent study of a fully reciprocating flow in a tube. 41 However, no experimental results could be found to compare with the channel flow solution given here for σ and δ .
IV. Concluding Remarks
The foregoing results extend and conclude our characterization of the pulsatory flow with an arbitrary pressure gradient. The analysis has enabled us to quantify several useful attributes at different pulsation parameters. These include quantities that were not fully characterized before. From the current generalization for arbitrary pressure gradients in channels (and tubes), classic solutions are regained in the limiting conditions that accompany quasi steady and purely oscillatory solutions. For those solutions that have been previously addressed in the axisymmetric setting, additional features are elucidated. Whenever possible, exact expressions are produced along with limiting process approximations. These include flow attenuation rates, velocities, vorticities, friction coefficients, and phase angles measured with respect to the periodic pressure pulse. Furthermore, the minimum friction coefficient is derived explicitly as a function of the pulsation parameter. In the interest of clarity, comparisons between tube and channel flow properties are brought into perspective. The illustrative case chosen here entails sinusoidal pulsations that are widely used in the literature. Nonetheless, the steps we have undertaken 
